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Multidomain Spectral Computations of Sound
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A time-domain method for acoustic propagation and its application to tone noise radiated from rigid-wall
fan inlets are presented. The noise propagation phenomena are modeled by the nonlinear time-dependent Euler
equations written in conservative form. The equations are solved numerically using a staggered-grid multidomain
Chebyshev discretization for the spatial terms and a Runge–Kutta scheme for time integration. Various types of
radiation boundary conditions are implemented and investigated on generic benchmarks. The resulting code is
optimized on parallel machines with shared memory. The method is � rst validated on noise radiation from two-
dimensional and axisymmetric � at ducts with no mean � ow for which analyticaldata exist. The full potential of the
method is then tested by computingthe sound � eld radiated from an axisymmetricbell-mouthduct in a nonuniform
mean � ow. Three-dimensional computations of the sound � eld in a bent pipe, on which both experiments and
computations using a boundary integral method have been carried out at ONERA, are also presented.

Introduction

B UILDING modern turbofan engines with higher bypass ratios
is signi� cantly limited by increasinglyrestrictive airport noise

standards.For approachand takeoff,the fan rotor–stator interactions
and leading-edge shocks become the primary sources of noise as
the bypass ratio is increased above a certain threshold.The acoustic
� eld of such phenomena is characterizedby high levels of acoustic
pressure and nonuniform mean � ows so that numerical analyses
based on linear models are inadequate and may lead to inaccurate
predictions.

These limitations drove some researchers1 ;2 to consider the non-
linear Euler/Navier–Stokes equations for fan inlet sound radiation
modeling. This approach, while removing the heavy assumptions
under which fan noise is usually predicted nowadays, faces its in-
trinsic dif� culties. A most important one is to ensure proper radi-
ation boundary conditions that remain valid for nonuniform mean
� ows. Also, the discretizationmust allowpropagationof waveforms
over largedistanceswith minimal phaseand amplitudeerrors.How-
ever, the most important challenge is to minimize these errors with
reasonable numbers of points per wavelength while satisfying the
dispersionrelationof the governingequations3; otherwisecomputer
resourcesmay soonbecomeprohibitivewith increasingfrequencies.
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Spectral methods seem a natural choice for wave propagation
due to their low dispersionand dissipation properties. In particular,
when three spatial directions are involved, their low requirement
in number of points per wavelength (typically 2 or ¼ points per
wavelength for Fourier or Chebyshevapproximation,4 respectively)
allows time-domainsimulationof high-frequencyaeroacousticphe-
nomena with reasonable computer memory and CPU time. The use
of spectralmethods was usuallyrestricted to simple geometriesand,
in the Fourier case, to periodic boundary conditions. Multidomain
and spectral element methods5 – 7 emerged relatively recently to in-
crease the geometric � exibility of the method. When convection is
present,oneparticulardif� culty in this case is ensuringtheproperdi-
rection of signal propagationat element/domain interfaces.Among
the approaches proposed to this end, the staggered-grid method7

offers the advantagethat domain corners are not included in the ap-
proximation. Proper upwinding can be ensured as in � nite volume
solvers by the use of � ux-vector/� ux-difference splitting.

The presentpaperpresentsapplicationsof the staggered-gridmul-
tidomain spectral method to computations of tonal noise radiation
from ducts with rigid walls. The system of full nonlinear time-
dependentEuler equations is used to model both the mean � ow and
the acoustic� eld. Acousticvariablesare obtainedby subtractingthe
mean � ow from the time-dependentvariables. Several types of ra-
diation boundary conditionsare tested at open � eld boundaries,and
various incoming duct acoustic modes are considered at the source
plane.

The method is � rst validated on linear cases to demonstrate its
ability to handle a linear subset of the governing equations. This
is done by comparing computed far-� eld directivity patterns with
analytical results for slab symmetry and axisymmetric � at ducts.
Axisymmetric propagationof high-level acoustic perturbationsin a
nonuniformmean � ow and the performanceof the radiation bound-
ary conditions are then explored on a bell-mouth fan inlet.

In the present time-domain approach, modeling higher-order
spinning modes that characterize fan noise requires a three-
dimensional framework. Therefore, a test of the three-dimensional
versionof the code is also performedon the acousticpropagationof
both plane waves and spinning modes in a generic model of a tur-
boshafthelicopterengine inlet, a problemthat was investigatedboth
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experimentallyand numerically, using a boundary integral method,
by Malbéqui et al.8 at ONERA.

Governing Equations and Discretization
The system of Euler equations is written here as
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@xi

C ºH±m2 D 0 .1/

where m is the numberof spatial dimensionsand º D 0 or º D 1 for
slab and axial symmetry (in which case x2 is the radial coordinate),
respectively.The state vector Q and the � ux vectorsFi are given by
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and the source term H has the form

H D 1
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The computationaldomainis dividedintononoverlappingquadrilat-
eral (two-dimensional) or hexahedral (three-dimensional) elements
that are transformedunder an isoparametricmapping»i .x1; : : : ; xm /
obtained through trans� nite interpolation on the master element
ÄM D [¡1; 1]m . To avoid confusion, the word element is used here
to describe any region on which a stand-alone spectral approxi-
mation is performed. Under this mapping, Eq. (1) becomes
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where the transformed components of the state and � ux vectors
are obtained using the Jacobian of the transformation J and the
components of the metric tensor:

QQ D Q
J

; QF i D 1
J

m

k D 1

@»i

@xk
Fk

(5)

J D det
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Let the sets G and L denote the Gauss–Chebyshevand the Gauss–

Chebyshev–Lobatto points, respectively:

G D N» j j N» j D ¡cos
.2 j ¡ 1/¼

2N
; j D 1; N (6)

L D » j j » j D ¡cos
j¼

N
; j D 0; N (7)

where N is the maximum polynomial order present in the ap-
proximation. The state vector QQ and the source vector H are collo-
cated at the set of points Gm , the tensor product of the one-
dimensionalsets of Gauss–Chebyshevpoints. The � ux components
are, on the other hand, collocated on grids obtained by replacing
the Gauss–Chebyshev points with the Lobatto points for the corre-
sponding� ux directionin the precedingtensorproduct;for example,
QF1 is collocated at L £ Gm¡1 and QF3 at Gm¡1 £ L .

To solve the system (1) under a semidiscrete formulation, the
spatial operator is � rst approximated. At the beginning of a time
step, the initial data are the state vector values QQ at the points Gm .
From these values one can create a multidimensional interpolant of
the form

QQ.»1; »2; »3/ D
Gm

QQ N» i
1 ; N» j

2 ; N» k
3

Nh i .»1/Nh j .»2/Nhk .»3/ .8/

where the interpolating Lagrange polynomials Nh.» / corresponding
to the set of Gauss–Chebyshev points G,

Nhi .» / D
N

l D 1; l 6D i

» ¡ N» l

N» i ¡ N» l
.9/

have been introduced. From this interpolant the values of the state
vector at the � ux collocationpoints can be readily obtained.For ex-
ample, at the points where the QF1 � ux is needed, QQ can be computed
as
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Gm
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3
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which is in fact a one-dimensionalinterpolationbecause Nh i . N» i / D 1.
At element interfaces there will be two values for the state vector,

from the two neighboring elements. To create a continuous � ux, a
Riemann problem is solved at each interface, with the initial data
being the two distinct states. The solution of this problem is then
assigned to both neighboring elements. Having the solution at the
� ux collocationpoints, one can compute the � uxes. The � nal step is
to compute the � ux derivatives at solution collocation points. This
is accomplished by writing the transformed � ux as

QF1.»1; »2; »3/ D
L £ Gm¡1
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where h.» / is the Lagrange interpolant based on the Lobatto set of
points, L . The needed differential is, therefore,
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Because the number of Gauss–Chebyshev points used in practice is
relativelysmall (up to 20), both interpolationand differentiationare
implemented as matrix–vector multiplications.Note that the differ-
entiation in Eq. (12) also represents a one-dimensional operation,
which makes the method ef� cient even for multidimensional� ows.

Having obtainedan approximation to the spatial terms of Eq. (1),
the time integration is performed using an explicit Runge–Kutta
scheme. The classical fourth-order scheme and a 4N -storage ver-
sion, valid for nonlinear systems, of the low-dissipationand disper-
sion schemes of Hu et al.9 are implemented in the two-dimensional
code, whereas the 2N -storage version of Hu’s schemes10 and the
fourth-order scheme of Carpenter and Kennedy11 are used in the
three-dimensional version of the code. The reader is referred to
Kopriva and Kolias7 for an exhaustive description of the method in
a two-dimensional setting.

Boundary Conditions
This section is limited to thediscussionof boundaryconditionsfor

acoustic computations.For proper ways of implementing boundary
conditionswhen computing steady states, i.e., mean � ows, with the
Euler equations, see Ref. 12.

For the far-� eld boundaries, several types of nonre� ecting treat-
ments were investigated.The radiation boundary condition devised
by Tam and Webb,3

1
V .µ/

@

@t
C @

@r
C 1
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½ ¡ N½
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v2 ¡ Nv2

p ¡ Np

D 0 .13/

was � rst implementedin the m D 2 versionof the code.This bound-
ary conditionis obtainedfor the case of a uniformmean � ow aligned
with the x1 axis, with velocity components . Nv1; Nv2/ D .U0; 0/. In
Eq. (13), r and µ are polar coordinates with respect to the source,
the overbar denotes mean � ow values, and the group velocity,
V .µ/ D U0 cos µ CNc.1¡M 2 sin2 µ/1=2 , reduces to Nc in no-mean-� ow
cases.Furthermore,· D 2 for slab symmetry and · D 1 for axisym-
metric cases. To ensureproper upwinding,the boundary� uxes were
computed using the Riemann solution between the boundary val-
ues given by Eq. (13) and the state interpolated from the interior.
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However, this boundary treatment became unstable in some cases
involving long time integration if no dissipative mechanism was
added. This numerical instability is created mainly by the disconti-
nuities at domain interfaces,which � nally show up in the boundary
time derivatives.The scheme, however, could be stabilized using an
eighth-ordersharpened raised cosine � lter to smooth the data in the
layer of elements next to the boundarybefore computing the spatial
derivatives in Eq. (13).

Using the same information about the source position, the � nite
wave model developedby Atkins and Casper13 can be easily accom-
modated in the multidomain spectral framework. The only modi� -
cation requiredis to solve the Riemann problemprojectedon the ray
path from the source instead of on the grid normals, for points lying
on the radiation boundary. An isentropic wave assumption allows
for an exact, inexpensivesolution.13 This method leads to very good
results for the present � eld solver and at the same time accounts for
nonlinear effects and remains valid for nonuniform mean � ows. It
has been used to obtain all of the results to be presented, unless
otherwise noted.

Although the directivity patterns thus obtained could be consid-
ered quite satisfactory,a further reductionof the re� ectionsfrom the
boundarieswas achievedwith the use of an absorbinglayer. Similar
to the perfectly matched layer techniques14 but without splitting the
equations, such an absorbing layer serves to temporally damp the
waves at radiation boundaries.To this end, the governingequations
are modi� ed following Freund15 to
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in the layer of boundaryelements. The positivevalueof ¾ was made
to vary from zero to ¾M according to a power law:
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within theseelements.(x int
i and x ext

i are thecoordinatesof the interior
and exterior limits of the absorbinglayer, limits that lie along planes
on which one coordinate is constant.)

Solid wall boundaries are handled by imposing zero normal ve-
locity at the wall using an image-cellmethod.7 At the source plane a
general function of time and space can be speci� ed for the acoustic
perturbation in the present time-domain approach.However, in this
work a single duct acoustic mode was speci� ed at the source plane.
For the case without mean � ow, this is done by solving a Riemann
problem with � ow variables extrapolated from the interior on one
side of the interface and the mean state perturbed with the incom-
ing acoustic mode on the other side. Considering, for example, that
the source plane is an annulus of external radius R0 , an incoming
spinning mode with azimuthal order s and radial order d, usually
denoted by .s; d/, is speci� ed by imposing

p ¡ Np
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vr ¡ Nvr

vµ ¡ Nvµ

D A
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.s=r!/Es .ksdr/cos.kx x C sµ ¡ !t/
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on the exterior side of the Riemann solver. In this equation, r is
the radius nondimensionalized by R0 and Es.ksdr / D Js.ksdr/ C
qYs .ksdr/ is the duct eigenfunction,with Js and Ys the Bessel func-
tions of � rst and second kind, respectively. The waviness of the
Bessel functions,ksd , and the factor q are determinedby the bound-
ary conditions at the casing and hub, with q D 0 when there is no
centerbody. The axial wave number is kx D

p
[.!=c/2 ¡ k2

sd]. For
nonuniform � ow cases, the source plane is treated as a subsonic
outlet boundary where only the pressure is imposed as in Eq. (16),
whereas the other variables are computed using the solution from
inside the computational domain.

Obviously the solution of the Riemann problem does not ensure
that waves propagating from the interior of the computational do-
main toward the source plane do not re� ect back in the case when
these waves are not plane waves at normal incidence. The present
treatment, however, proved satisfactory for all of the cases where
a comparison against analytical solutions was carried out. Differ-
ent ways of treating the source plane as a nonre� ecting surface are
currently under study.

Results and Discussion
All results that follow are presented in nondimensional form.

The reference quantities are ½1 for the density, c1 for the velocity
components,½1c2

1 for pressure, and a characteristic length L c that
is speci� ed in each case for distances. Roe’s Riemann solver16 was
used at element interfaces.

Flat Ducts
Using the two-dimensionalimplementationof the method, simu-

lations of noise radiation are performed for both slab- and axisym-
metric � at ducts with no mean � ow. Results for slab symmetry are
presented for the same cases treated by Dong et al.,17 namely, a
nondimensional frequency, ! D 15, with L c being the duct cross
dimension.The amplitudeof the incoming waves is 10¡4. The com-
putational domain is subdivided into 88 quadrilateral elements of
size 1 £ 1, with 13 Gauss–Chebyshev points within each element.
This domain discretizationgives an average of 5.4 points per wave-
length, with a total of 14,872 points within the domain.

Figure 1a shows the computational domain and the Gauss–

Chebyshev points grids for the elements inside the duct. To achieve
a periodic � ow� eld, the solution has been marched for 2000 time
steps with a four-stage Runge–Kutta scheme. This required 13 min
on one R10000 CPU with 195-MHzclock speed of a Silicon Graph-
ics Origin 2000 machine, which gives 24 ¹s per grid point per time
step. Figures 1b–1d display directivity patterns for the plane wave
and the � rst two cross modes, compared to the analytical solutions
by Mani.18 The directivity is obtainedby normalizing NP £ r 1=2 such
that the peak level is at 100 dB, where NP is the rms pressure on the
boundary of the computational domain. As can be seen, the agree-
ment is very good, although some small re� ections can be observed
at the left-hand-side corners of the domain. Figure 2 presents an
instance of the acoustic pressure for the second cross mode.

Directivity results obtained for the same mode with the Tam and
Webb3 radiation boundary condition, Eq. (13), are compared with
those obtainedusing the � nite wave model in Fig. 3. As can be seen,
the former method leads to higher re� ections. This same behavior
was actuallynoticedin all cases thathavebeencomputed.To demon-
strate the ef� ciency of the absorbing layer, directivity patterns for
the � rst cross mode calculatedwith (dampingparameters:¾M D 2:5
and ¯ D 1) and without damping are compared in Fig. 4. Practically
no more re� ections from the boundaries can be noticed, and the
agreement with the exact solution becomes excellent. The effect of
the absorptioncan be seen better in Fig. 5, where contourplots of the
rms pressure are drawn using the data at Gauss–Chebyshev points.
(Note that these data are discontinuousbetween elements.)

For the axisymmetriccase, we do not have the analytical solution
that takes into account the presence of the duct walls, althoughsuch
solutions exist, for example, as given by Savkar.19 The results for
radiationof the � rst radialmode froma � at circularduct in quiescent
� uid are instead compared in Fig. 6 with analytical results for a
circular piston vibrating in the same mode20 ( NP £ r , normalized to
peak at 100 dB). Becausethe analyticalresultsdo not accountfor the
solid walls, agreement is expected to be less perfect for high values
of µ . In this test case, the duct radius is taken as the reference length,
and the nondimensionalfrequency is ! D 10:3. The computational
domain extends14 radii from the duct exit in the axial directionand
11 radii from the axis in the radial direction and is made up of 162
elements on which 10 Gauss–Chebyshev points have been used.

Bell Mouth in Subsonic Flow
The full capabilitiesof the method are tested on an axisymmetric

fan model encased in a bell-mouth duct with a casing thickness of
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a)

b)

c)

d)

Fig. 1 Radiation from slab-symmetry � at duct: a) computational domain (grids shown in the domains inside the duct), b) plane wave directivity
pattern, c) � rst cross mode, and d) second cross mode.

Fig. 2 Acoustic pressure contours for the slab-symmetry � at duct, sec-
ond cross mode.

Fig. 3 Directivity for the second cross mode computed with the � nite
wave model (FWM) and the Tam and Webb3 (TW) radiation boundary
condition.

0.5 and no centerbody,under forward � ight conditionswith in� nity
Mach number M D 0:21. The reference length is the interior ra-
dius of the duct. The mesh is made up of 105 elements, with N D 10
Gauss pointsper element, and extends10.5 radii from the fan face in
the axial direction and 8 radii from the duct axis in the radial direc-
tion. The nonuniform � ow� eld surrounding the duct is obtained by
driving the residuals to machine precision.The boundary condition
used at the fan face for this steady-state computation is a speci� ed
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Fig. 4 Directivity pattern for the � rst cross mode computed with and
without the damping layer; comparison to the analytical solution.

a) b)

Fig. 5 First cross mode rms pressure contours (30 contours between
2e-9 and 8-5) obtained using a) the � nite wave model and b) the � nite
wave model plus an absorbing layer (shown) with ¾M = 2:5.

Fig. 6 Directivity pattern for axisymmetric � at duct radiation com-
pared to the analytical solution for radiation from a circular piston
vibrating in the same radial mode given by Tyler and Sofrin.20

pressure of 0:96p1. Thereafter, the acoustic source at the fan face
is turned on, using a relatively large pressure amplitude of 1.4%
of the fan face pressure. A damping region with a nondimensional
depthof 1.3 in each directionand damping coef� cients ¾M D 90 and
¯ D 6 are used for the acoustic part of the computations. Unsteady
computationsare carried on up to t D 45, which is about three times
the interval needed for an acoustic perturbation at the fan face to
propagate out of the domain.

Fig. 7 Mean � ow Mach contours for the bell-mouth duct in M = 0:21
forward � ight (50 contours from 4.86e-3 to 4.53e-1).

Fig. 8 Acoustic and rms pressure contours for the (0, 2) mode radiation
in M = 0:21 � ight from the bell-mouth duct.

Fig. 9 Directivity pattern for the bell-mouth duct with and without
� ow, mode (0, 2).

Mach number contours of the computed mean � ow are shown in
Fig. 7. In the steady-statecomputations,the far-� eldboundary� uxes
areobtainedbysolvingaRiemannproblembetweenthe in� nitystate
and the state extrapolated from inside the computational domain.
Acoustic radiation of the second radial mode with axial symmetry,
mode (0, 2), at a reduced frequencyof 9.0 is computed.When mean
� ow effects are accounted for, there are about four mesh points
per wavelength for the highest frequency expected to be present
in the computation. Figure 8 shows the acoustic pressure and the
rms pressure contours for the (0, 2) mode. The damping layer is
highlighted in Fig. 8, such that one can notice the attenuationof the
acoustic waves upon penetration in the layer.

Figure 9 shows the directivity pattern obtained on the interior
boundaryof the damping layer in the case with � ow compared with
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Fig. 10 Wire frame of the mesh used for the turboshaft inlet model.

Fig. 11 Instance of acoustic pressure for the turboshaft inlet model,
� rst azimuthal mode.

the no-mean-� ow case (M D 0). Data are normalized in both cases
so that the pressure amplitude at the fan face, which is the same
for both computations, is at 100 dB. The major effect of the � ow is
to shift the position of the main lateral lobe by about 4 deg toward
the axis, as expected.Also, there is an increase in acoustic radiation
along the axis of the fan. Although the boundary is too close for the
resultsto be consideredas representativefor the far � eld, theydogive
an indication about the actual trends. These results can ultimately
be extended to large distances from the nacelle using a Kirchhoff
surface technique.1

Generic Turboshaft Engine Inlet
Finally, results for the three-dimensionalpropagationof spinning

modes inside a simpli� ed model of a helicopter turboshaft engine
inlet are presented. The curved duct used to this end is made up of
three parts. Using the duct radius R0 for nondimensionalization, the
source plane is located at the beginning of a straight circular duct
11.76 units long. The axis of symmetry of this cylinder is taken as
the x axis. The duct continueswith a torus of internal radius 0.6 and
external radius 2.6 and another straight duct 0.66 units long, from
the exit plane of which sound is radiated into free space.

A frequency of 1000 Hz is considered, which corresponds to a
nondimensional angular frequency !R0=c D 2:772. Propagation
of plane wave mode (0, 0) and the � rst azimuthal mode (1, 0) is
analyzed. A typical mesh used for the computation is shown in

a) Plane wave

b) First azimuthal mode

Fig.12 Duct exit planerms pressure contours for the turboshaftengine
inlet model.

a) Plane wave

b) First azimuthal mode

Fig. 13 RMS pressure directivity in the x = 13:36 plane: ——, present
solution; , BIM computation8; £ , experiments.8
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Fig. 10. It is made up of 71 elements, with 25 elements within the
pipe. The number of points per wavelength was varied between � ve
and six (N D 9 to N D 11) without any noticeable changes in the
results. Figure 11 shows an instance of the acoustic pressure for the
� rst azimuthal mode on the duct surface.

For this computation, characteristic boundary conditions have
been used at radiation boundaries. The primary interest was in the
rms pressure distribution in the duct exit plane, contour plots of
which are presented in Fig. 12. For the plane wave case, the rms
pressure � eld is symmetric with respect to the y D 0 plane (the
plane of symmetry of the duct), and there are only slight variations
in sound pressure level on the duct exit plane. For the � rst azimuthal
mode, the symmetry no longer exists, and the variations in rms
pressure on the duct exit plane are much larger. The directivities
in the x D 13:36 plane (passing through the center of the disk at
the duct exit), computed on a sphere with radius 5R0, are shown
in Fig. 13. As can be seen, they compare very well with both the
boundary integral method (BIM) computation and the experiments
by Malbéqui et al.8

The operation count is asymptotically proportional to N 4 in
three dimensions and varies linearly with the number of elements.
For instance, the present grid with N D 11 Gauss points required
64.5 ¹s per time step per grid point on the same R10000 proces-
sor as described earlier when a � ve-stageRunge–Kutta scheme was
used.

Conclusions and Future Work
A multidomain spectral method for the two-dimensional, axi-

symmetric and three-dimensional, nonlinear, time-dependent Eu-
ler equations supplemented by nonre� ecting boundary conditions
and modeling of duct acoustic modes has been developed. The
overall methodology has been applied to the computation of sound
� elds generatedby fans enclosed in rigid-wall ducts.Comparisonof
computed radiation patterns with analytical solutions for � at ducts
showed very goodagreement. It has also beendemonstratedthat the
boundaryconditionsperform well for nonuniformmean � ow cases.
Based on these results, it is the authors’ belief that multidomain
spectralmethodsrepresenta viablealternativefor aeroacousticcom-
putations, especially in three dimensions when the number of grid
points required by other methods is excessively large. Techniques
for increasingthe allowable time step, implementinga nonre� ecting
boundary condition at the source plane, speeding up convergence
for steady-state computations, and treating possible � ow disconti-
nuities constitute the object of further research.
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